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BUCKLING OF RECTANGULAR ISOTROPIC OR ORTHOGONAL ANISOTROPIC 
PLATES UNDER SHEA9 STRESSES 

E. Seydel ,  Berlin-Adlershof 

1. De l inea t ion  of  t he  problem. Thin p la tes  (sheet metal - /169* 
o r  plywood) are used as c r o s s p i e c e s  f o r  s o l i d  wall a r c h  
suppor t s  o r ,  i n  a i r c r a f t  c o n s t r u c t i o n ,  e s p e c i a l l y  as t h e  
shea th ing  of  wings o r  fuselage. If these c o n s t r u c t i o n  p a r t s  
are loaded,  t h e  o r i g i n a l l y  f la t  plates ,  unr'er a c e r t a i n  load ,  
buckle.  I n  mos'; p r a c t i c a l  c a s e s ,  t h e  l o a d s  on t h e  p l a t e s  are 
gene ra l ly  shea r  stresses. 

As a c o n t r i b u t i o n  t o  the  s o l u t i o n  o f  t he  r e s u l t i n g  problems, 
t h e  fo l lowing  w i l l  be assumed: a completely f l a t ,  r e c t a n g u l a r ,  
t h i n ,  homogeneous p l a t e  of  cons t an t  t h i c k n e s s  i s  mounted a t  t h e  

edges wi thout  stress. The edge suppor t s  are r i g i d ,  and t h e  

camps ho ld ing  t h e  p l a t e  t o  t h e  edge suppor t s  are made so  t h a t  

t h e  p l a t e  cannot buckle  out  cjf i t s  p l ane  a long  t h e  f o u r  s t ra ight  
edges. Along t h e  fou r  edges an evenly d i s t r i b u t e d  shear f o r c e  
t ,  c o n r t a n t  th roughout ,  i s  a p p l i e d  and, i f  t h e  f o r c e  i s  small 
enough s o  t ha t  t h e  p la te  remains f l a t ,  a shear stress which i s  
cons t an t  throughout  the  e n t i r e  s u r f a c e  o f  t h e  p l a t e  i s  produced 
( s e e  Fig.  1). The problem i s  now t o  determine t h e  c r i t i c a l  load 
t c r ,  a t  which, under pure  shear stress,  t h e  p l a t e  i s  no longer  
i n  s t a b l e  equ i l ib r ium,  t h a t  i s ,  a t  which t h e  p l a t e  no longe r  
renlains f l a t ,  bu t  begins  t o  buckle .1  
t ance  not  only f o r  i s o t r o p i r  p l a t e s ,  but  a l s o  f o r  or thogonal -  

Th i s  problem i s  o f  impor- 

~ 

I Often t h i s  c r i t i c a l  load  i s  des igna ted  as t h e  c r a c k i n g  load .  
E u t  s i n c e  t h e  p l a t e  can remain capable  of b e a r i n g  a l o a d  a f t e r  
s u r p a s s i n g  t h i s  c r i t i c a l  l oad ,  we use t h e  expres s ion  "buckle"  
i n s t e a d  of  "crack" t o  i n d i c a t e  t h a t ,  i n  p r a c t i c e ,  r e a c h i n g  of  t h e  
c r i t i c a l  l o a d  does not  l e a d  immediately t o  breaking  o f  t h e  p l a t e ,  
i n  c o n s t r a s t  w i t h  a road  under compression, 
*Numbers i n  t h e  margin i n d i c a t e  pag ina t ion  i n  t h e  f o r e i g n  t e x t .  
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a n i s o t r o p i c  ( o r t h o t r o p i c )  p l a t e s .  ( In  p r a c t i c e ,  such  o r tho -  
t r o p i c  plates  are plywood sheets, and, w i t h  a c e r t a i n  approxima- 
t i o n ,  a l s o  r e i n f o r c e d  p l a t e s  w i t h  s u i t a b l y  p l aced ,  r e l a t i v e l y  
c l o s e l y  space s u p p o r t s ,  as w e l l  as co r ruga ted  s t ee l  p l a t e s .  
Sheet metal p l a t e s  as w e l l ,  because o f  the  r o l l i n g  p r o c e s s ,  show 
a c e r t a i n  o r thogona l  a n i s o t r o p y ,  t h e  e f f e c t  o f  which,however, is 
so  small t h a t  sheet metal slabs may be viewed as i s o t r o p i c  p la tes  
fo r  t e c h n i c a l  pu rposes ) .  

The problem j u s t  described has already been t reated 
s e v e r a l  times: R e i s s n e r  [1, 2 1  and Timoshenko [3] have developed , in  
v a r i o u s  ways, an  approximate s o l u t i o n  t o  t h e  problem, s t a r t i n g  
wi th  j u s t  i s o t r o p i c  plates .  For  a s p e c i f i c  c a s e  of t h e  problem, 
Southwell  and Skan [ 4 ]  gave an e x a c t  s o l u t i o n ,  namely, f o r  t h e  

extreme case o f  an i n f i n i t e l y  l o n g  i s o t r o p i c  p l a t e ,  which was 
d i s c u s s e d  by Bergmann and Re i s sne r  [2],and a l s o  i n  a supple-  
mentary s tudy  [l], a l s o  f o r  an o r t h o t r o p i c  p la te .  Seker iy-  
Tsenkovich, i n  connec t ion  w i t h  t h e  work o f  Timoshenko, c a l c u l a t e d  
t h e  c r i t i c a l  shear stress f o r  a r e c t a n g u l a r  plywood p l a t e  ( w i t h  

g iven  s t i f f n e s s  v a l u e s ) ,  i . e .  an example o f  a n  o r t h o t r o p i c  
p l a t e .  Sekeriy-Tsenkowlch d i d  what Timoshenko had done and 
used,  fo l lowing  t h e  procedure used by Bryan-Ritz i n  t h e  i n v e s t i -  
g a t i o n  o f  t h e  extreme case o f  a n  i n f i n i t e l y  long  p l a t e ,  a n  
e x p r e s s i o n  d i f f e r e n t  from t h a t  f o r  t h e  c a s e  of  a r e c t a n g u l a r  
p l a t e  o f  f i n i t e  l e n g t h ,  an  e x p r e s s i o n  which s a t i s f i ed  n e i t h e r  t h e  

d i f f e r e n t i a l  equa t ion ,  nor  t h e  boundary c o n d i t i o n s .  Bergmann 
and Re i s sne r  [ 5 ] ,  as has been mentioned, took  an  approach d i f f e r e n t  
from Timoshenko's i n  d e r i v i n g  t h e  c a l c u l a t i o n  procedures ,  and, 
moreover, have t aken  t h e  approximation c a l c u l a t i o n  f u r t h e r .  

/170 

This  work, baaed on a sugges t ion  o f  P r o f e s s o r  R e i s s n e r ,  
c o n t i m e s  t h e  work o f  Bergmann and Re i s sne r .  The work 
c o n t a i n s  t h e  fo l lowing  i n d i v i d u a l  i n v e s t i g a t i o n s :  

The i n v e s t i g a t i o n s  o f  i s o t r o p i c  p l a t e s  mentioned i n  t h e  

The Re i s sne r  method i s  a p p l i e d  t o  o r t h o t r o p i c  p l a t e s .  
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Fig.  1. Rectangular  p la te  
under evenly  d i s t r i b u t e d  
s h e a r  f o r c e  t a p p l i e d  
a l o n g  edges. 

p u b l i c a t i o n s  g iven  above w i l l  be 

extended.  For i n f i n i t e l y  long  
p l a t e s ,  approximate va lues  w i l l  
b e  c a l c u l a t e d  from t h e  same 
expres s ion  used i n  t h e  t r ea tmen t  
of p l a t e s  o f  f i n i t e  l eng th .  T h i s  
approximate s o l u t i o n  w i l l  be  
compared w i t h  t h c  exac t  (Southwell-  
Skan) s o l u t i o n  wi th  r e g a r d  t o  both  
t h e  va lue  o f  t h e  c r i t i c a l  l o a d ,  and 
the  shape of the  buckled s u r f a c e .  
I n  t h i s  c a s e  t h e  p r e c i s i o n  of  
t h e  method can b e  s a t i s f a c t o r i l y  
assessed. I n  ano the r  extreme case 
o f  r e c t a n g u l a r  p l a t e s ,  namtly for  

t h e  square  p l a t e ,  p rev ious  s t u d i e s  w i l l  b e  extended by pushing  
t h e  approximation Fur the r ;  t h i s  i s  made p o s s i b l e  f i rs t  by t h e  

f a c t  t h a t  t h e  numerical  t r ea tmen t  o f  t h i s  s p e c i a l  c a s e  can be 
s i m p l i f i e d  f o r  r easons  o f  symmetry ,  and, second, by t h e  f a c t  
t h a t  a procedure w i l l  be given by which t h e  c r i t i c a l  l o a d  and the  

c o e f f i c i e n t s  f o r  t h e  ser ies  expansion o f  t h e  f u n c t i o n  r e p r e s e n t i n g  
t h e  buckled s u r f a c e  may be c a l c u l a t e d ,  u s i n g  s u c c e s s i v e  approxima- 
t i o n s .  It w i l l  t u r n  ou t  t h a t  these c o e f f i c i e n t s  dec rease  r a t h e r  
r a p i d l y ,  so  t h e  se r ies  appears  t o  converge w e l l .  T h i s  i s  a 
circumstance which i s  p a r t i c u l a r l y  u s e f u l  i n  d e c i d i n g  whether 
t h e  expres s ion  given by Re i s sne r  and Timoshenko y i e l d s  t h e  
c o r r e c t  r e s u l t .  I n  o r d e r  t o  get  a convenient  numerical  t r e a t -  
ment f o r  a p l a t e  w i t h  an a r b i t r a r y  r a t i o  between t h e  s ides ,  t h e  

number of terms i n  t h e  s e r i e s  expansion of  t h e  buck l ing  f u n c t i o n  
should not  be t o o  l a r g e ;  f o r  each r a t i o  between t h e  s i d e s  of  
t h e  p l a t e ,  terms w i t h  s p e c i f i c  c o e f f i c i e n t s  are  found which 
provide t h e  b e s t  s o l u t i o n s ,  i . e .  t h o s e  w i t h  t h e  s m a l l e s t  
buckl ing  load. F i n a l l y ,  based on t h e  c a l c u l a t i o n s  executed i n  
t h i s  manner, a curve  i s  given f o r  t h e  c r i t i c a l  l oad  as a f u n c t i o n  
of t h e  s ide  r a t i o  of  t h e  p l a t e ,  which ought t o  a g r e e  w i t h  t h e  



a c t u a l  cu rve  w i t h  an  accuracy  s u f f i c i e n t  i n  p r a c t i c e .  S i m i l a r l y ,  
cor responding  c a l c u l a t i o n s  are carr ied o u t  f o r  the o r t h o t r o p i c  
p l a t e ,  and t h e  r e s u l t s  of these c a l c u l a t i o n s  d e p i c t e d  g r a p h i c a l l y ,  
so t h a t  t h i s  r e p r e s e n t a t i o n  can  b e  used t o  a t  least estimate the  

c r i t i c a l  loads f o r  o r t h o t r o p i c  p l a t e s  o c c u r r i n g  i n  p r a c t i c e ,  
and t h i s  immediately wi thout  computation. S imul taneous ly ,  
the  method by which t h e  r a the r  necessary  more p r e c i s e  c a l c u l a t i o n  
f o r  an  o r t h o t r o p i c  p l a t e  may b e  made w i l l  b e  i n d i c a t e d .  

2 .  T r i a l  s o l u t i o n  f o r  o r t h o t r o p i c  p l a t e .  The d i f f e r e n -  - /l7l 
t i a l  e q u a t i o n  o f  t h e  o r t h o t r o p i c  p l a t e  pr*oblem d i s c u s s e d  here 
i s  [ 6 ,  Eq.  (lo)]: 

x and y a re  t h e  c o o r d i n a t e s  a l o n g  two o r thogona l  axes  
c o i n c i d i n g  w i t h  two s ides  of  t h e  r e c t a n g u l a r  p l a t e s ;  t h e  o t h e r  
two s i d e s  have t h e  c o o r d i n a t e s  x = a and y = b ( c f .  F ig .  1). 
D 1 ,  D2 and D 3  are t h e  fo l lowing  a b b r e v i a t i o n s :  

I n  these  expres s ions  ( E J ) , ,  ( E J ) y  and 4 ( G J ) x y  are  t h e  p l a t e  
r i g i d i t i e s  p e r  u n i t  l e n g t h ,  namely 

( E J ) , :  bending r i g i d i t y  i n  x - d i r e c t i o n  (bending  abolit t h e  y - a x i s ) ,  
( E J ) y :  bending r i g i d i t y  i n  y - d i r e c t i o n  (bending  about  t h e  x -ax i s ) ,  
4 ( G J ) x y :  t o r s i o n  r i g i d i t y 2  

v x  and v a re  t h e  Poisson t r a n s v e r s e  s t r a i n  c o e f f i c i e n t s  Y 
-- -- - 

‘For a homo:;eneous, o r t h o t r o p i c  p l a t €  o f  c o n s t a n t  t h i c k n e s s  6 
(which w i l l  b e  the  case  fo r  plywood boards ,  t o  a c e r t a i n  approxi -  
m:.tion) , 

aa 
+ F l L . - G  ,. ’ JS . F 1 L - E .  ,; * .  ( E l ) . -  E. i ;  0 
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The smallest o f  the  e igenva lues  t co r re spond ing  t o  t h e  

v a r i o u s  p o s s i b l e  s o l u t i o n s  c.f t h e  d i f f e r e n t i a l  e q u a t i o n ,  i .e . ,  
t he  e i g e n f u n c t i o n s  w, wi th  a s p e c i f i c  s ide  r a t i o  a /b  and t h e  
p r e s c r i b e d  b o m d a r y  c o n d i t i o n s  (stressless suppor t  o f  t h e  p l a t e  
and no c u r v a t u r e  a long  t h e  edges )  i s  t h e  desired c r i t i c a l  shear 
l o a d  t c r .  

The e q u a t i o n  i s  so lved  w i t h  t h e  a i d  o f  t h e  Navier  e x p r e s s i o n  
i n t r o d u c e d  by Timoshenko and R e i s s n e r 3  

Each term i n  t h i s  series sa t i s f i e s  t h e  p r e s c r i b e d  boundary 
c o n d i t i o n s .  The c o e f f i c i t n t s  A, can  Le de termined  n o t  on ly  
by t h e  R i t z  method, b u t  a l s o  ( a c c o r d i n g  t o  R e i s s n e r )  i n  such 
f a s h i o n  t h a t  t h e  ser ies  fo rma l ly  s a t i s f i e s  the  d i f f e r e n t i a l  
e q u a t i o n  (l), and i n  f a c t ,  bo th  methods y i e l d  t he  same deter- 
mining e q u a t i o n s .  
above e x p r e s s i o n  f o r  w i n  Eq .  ( 2 )  is  s u b s t i t u t e d  i n  t h e  

d i f f e r e n t i a l  e q u a t i o n ,  r e p l a c i n g  m and n by r and s, and t h e n  
t h e  r e s u l t i n g  e q u a t i o n  i s  m u l t i p l i e d  by s i n  ( m  II x / a ) -  s i n ( n  TT y / b )  

and i n t e g r a t e d  from 0 t o  a and from 0 t o  b .  Most o f  t h e  

i n t e g r a l s  vanish ,  excep t  f o r  

I n  o r d e r  t o  o b t a i n  an  c4;ubtion f o r  Am,, t h e  

x a a  a cosrn; d r  =i - --- n I?'--+' 
U 

i f  m - + r i s  odd, and except  f o r  t h e  cor r ;aponding  i n t e g r a l s  i n  

'Cf. Reference [ 2 ]  on p .  1; i n  t h i s  work o f  Bergmann and R e i s s n e r ,  
t h e  d e r i v a t i o n  o f  t h e  e q u a t i o n s  de t e rmin ing  t h e  c o e f f i c i e n t s  Am, 
and t h e  assumptions under  which t h i s  method i s  employed a r e  
d e s c r i b e d  i n  more d e t a i l ;  t h e r e f o r e ,  i n  t h i :  .;ark, t h e  der iv;  i on  
w i l l  b e  ju; t  ske t ched .  

5 



the y -d i r ec t ion .  A s imple  r e f o r m u l a t i o n  y i e l d s  the fo l lowing  /172 - 

I n  o r d e r  t o  o b t a i n  t h e  c r i t i c a l  shear load  i n  d imens ionless  
form [SI, t h e  fo l lowing  a b b r e v i a t i o n s  are de f ined :  

c o e f f i c i e n t  o f  t he  o r t h o t r o p i c  p la te  ( 3 )  Ib-0 8 = -*-% 
4 

The governing equa t ion  f o r  the c o e f f i c i e n t s  A, i s  then :  

This form of t h e  equa t ion  i s  convenient  f o r  numerical  
e v a l u a t i o n  when t h e  c o e f f i c i e n t  8 - > 1, w h i l e  i f  0 - < 1, is more 
convenient  t o  set 

(3 .. 

c b a  - b  qb(m#*)=*(m@b)'+ ?(m@&y8*+n4 
1 4 4  

and u s e  t h e  equa t ions  

I n  t h e s e  e q u a t i c  s ( r e g l a r d l e s s  of whether t h e  form (5a)  
o r  ( 5 b )  i s  u s e d ) ,  t h e  terms i n  t h e  sum w i t h  even sums ( o r  
d i f f e r e n c e s )  m - t r o r  n - + s vanish .  T h e r e f o r e ,  as Bergmann 

6 



and Tjeissner f i rs t  showed i n  gene ra l ,  two independent  systems 
o f  equa t ions  are  ob ta ined :  one ( I )  c o n t a i n i n g  t h e  unknowns A, 
when the sum (m + n )  o f  the i n d i c e s  i s  even, and a second (11) 
when the  sum o f  t he  i n d i c e s  (m + n )  i s  odd. I n  bo th  c a s e s  t h e  

number o f  unknowns A, and o f  cour se  t h e  number o f  governing 
equa t ions  i s  i n f i n i t e l y  large. S ince  t h e  equa t ions  are homo- 
geneous, t h e  denominator de te rminant  of t h e  s y s t e m s  of equa t ions  
must vanish;  t h i s  i s  the  c o n d i t i o n  from which ca o r  C b ,  i . e .  
t h e  desired c r i t i c a l  shear load ,  must b e  c a l c u l a t e d .  It i s  
found t h a t  these i n f i n i t e  de t e rminan t s  do not  have t h e  p r o p e r t i e s  
p rev ious ly  r e q u i r e d  by mathematicians f o r  a convergent c a l c u l a -  
t i o n  of unknowns. I n  p a r t i c u l a r ,  i t  i s  noteworthy t ha t  t h e  
o the rwise  usab le  i t e r a t i o n  methods [8]  seem t o  f a i l  f o r  E q s .  ( 5 a )  
and ( 5 b ) .  Moreover, a p r a c t i c a l ,  s u f f i c i e n t l y  a c c u r a t e  
approximation cannot b e  made u n l e s s  t h e  unknowns A, o f  a 
s y s t e m  of  equa t ions  can  b e  d i v i d e d  i n t o  two groups i n  such a 
f a s h i o n  t h a t  t he  f i r s t  i n f l u e n t i a l  group c o n t a i n s  only as many 
unknowns A, a s  can be determined convenient ly  when t h e  unknowns 

of  t h e  second group are  neg lec t ed .  The problem i s  t h e n  t o  
d i s c o v e r  t h e  b lock  of  i n d i c e s  ( m ,  n )  which i s  most i n f l u e n t i a l .  
Thisblock does n o t  always have t o  s t a n d  a t  t h e  beginning o f  
the  double  s e r i e s .  
t h e n  be  s o  small tha t  t h e i r  i n f l u e n c e  on t h e  c r i t i c a l  shear 
l o a d  and on t h e  unknowns of  t h e  f i r s t  group w i l l  b e  n e g l i g i b l y  
small. If t h e s e  p r e r e q u i s i t e s  are sa t i s f ied ,  an approximation -- /173 
i s  p o s s i b l e ;  however, f o r  each new s ide  r a t i o  a /b  and each new 
r i g i d i t y  r a t i o  8 ( 3 ) ,  t h e  unknowFA, i n  the  f i r s t  group involved  
i n  c a l c u l a t i n g  t h e  c r i t i c a l  shear load  must b e  determined a l l  
over  aga in .  

A, 

The unknowns Am, o f  t h e  second group m u s t  

3. The i n f i n i t e l y  long  i s o t r o p i c  p l a t e .  I n  t h e  ecluations 
developed i n  t h e  prev ious  s e c t i o n ,  t h e  i s o t r o p i c  p l a t e  was a 
s p e c i a l  c a s e .  Namely, f o r  a n  i s o t r o p i c ,  homogeneous p l a t e  of 
c o n s t a n t  t h i c k n e s s  6 ,  

7 



( 6 )  
D L = D 1 3 p D 1 ~ D = - -  EB 

I l ( l - -c) )  

where E i s  the modulus o f  e l a s t i c i t y  of t h e  material and v is 
t h e  t r a n s v e r s e  s t r a i n  c o e f f i c i e n t  ( P o i s s o n ' s  r a t i o ) .  According 
t o  ( 3 ) ,  8 = 1, and i n  accordance w i t h  (4a) o r  (4b )  

Temporarily,  l e t  u s  u se  t h e  a b b r e v i a t i o n  

I n  t ha t  c a s e  ( 5 a )  o r  (5b )  i s  r e p l a c e d  by t h e  fo l lowing  equa t ion  
f o r  t h e  i s o t r o p i c  p l a t e  

i f  we now t r a n s p o s e  t o  t h e  l i m i t i n g  c a s e  a + O D ,  i . e .  f3 * 0 
( i n f i n i t e l y  long  p la te ) ,  E q .  (8 ,  would supply t h e  va lue  C = 0 0 ,  

i , e .  an i n f i n i t e l y  l a r g e  c r i t i c a l  shear load ,  as long  as f i n i t e  
whole numbers were s u b s t i t u t e d  f o r  m and n (and cor respondingly  
f o r  r and s )  and as long  as t h e  c o e f f i c i e n t s  A,, ( A r s )  assumed 
f i n i t e ,  nonvanishing vd lues ,  Th i s  is because mor€ and more terms 
of h i g h e r  o rde r  i n  m m u s t  be t a k e n  as t h e  p l a t e  grows i n  t h e  x- 
d i r e c t i o n ;  namely, t h e  assumption of  f i n i t e  m ( r )  w i t h  an 
i n f i n i t e l y  long  p l a t e  means an i n f i n i t e l y  l a r g e  half-wavelength 
of  t h e  buckled s u r f a c e .  Therefore ,  i n  o r d e r  t o  o b t a i n  a f i n i t e  
half-wavelength f o r  t h e  buckled s u r f a c e ,  i t  seems l o g i c a l  t o  
assume v a l u e s  m !r) of  t h e  same o r d e r  of magnitude as t h e  l e n g t h  
of  t h e  p l a t e ,  1.e.  as t h e  same o r d e r  o f  magnitude as 1/@. If 
1 / B  goes t o  I n f i n i t y ,  the  va lues  m and r must a l s o  b e  t aken  t o  
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b e  o f  the o r d e r  of  magnitude i n f h i t y .  We presume tha t  it i s  
s u f f i c i e n t  t o  examine a l i m i t e d  number of  c o e f f i c i e n t s  Amn. I n  
o r d e r  t o  e x p r e s s  t h e  f a c t  t h a t  n: and r are i n  g e n e r a l  d i f f e r e n t  
v a l u e s  o f  t h e  same crder o f  magnitude, we s u b s t i t u t e  i n  ( e ;  

where ml and r1 are i n t e g e r s  ( o r  e q u a l  t o  O ) ,  whi le  a i s  a 
f i n i t e  number (CL can  on ly  assume v a l u e s  such t h a t  a / @  i s  a n  
i n t e g e r ) .  P a s s i n g  t o  t h e  l i m i t  f3 + 0 and u s i n g  t h e  a b b r e v i a t i o n  

we o b t a i n  t h e  eqLat ion  

The s y s t e m  o f  e q u a t i o n s  g iven  by  Eq.  ( 9 )  a l s o  b reaks  down i n t o  
two systems o f  e q u a t i o n s :  one f o r  even sums (ml + n )  and a 
second f o r  odd sums (ml  + n ) .  The meaning of  a i s  demonst ra ted  
by t h e  f o l l o w i n g  c o n s i d e r a t i o n :  t h e  f u n c t i o n  s i n ( m  T x/a) i s  a 
s i n u s o i d a l  (wave) l i n e  w i t h  t h e  ha l f -wavelength  

* 

I 
I -  - 

Using t h e  above e x p r e s s i o n  f o r  m and a = b/B, t h i s  can  a l s o  be 
w r i t t e n  

For  f3 + 0, 

b 
LW- 

= + q P '  

9 



The r e c i p r o c a l  o f  a i s  t h e r e f o r e  t h e  r a t i o  of t h e  half-wavelengch 
t o  t h e  width o f  t he  i n f i n i t e l y  l o n g  p l a t e .  While c can  only  
assume s p e c i f i c  v a l u e s  ( s i n c e  m must a lways be an  i n t e g e r )  i f  
t h e  p l a t e  l e n g t h  a i s  f i n i t e ,  t h e  v a r i a b l e  a can assume any 
a rb i t r a ry  p o s i t i v e  va lue  i n  a l i m i t i n g  case  a -t 0 0 .  T h i s  i s  
a l s o  c o n s i s t e n t  w i t h  t h e  r e su l t s  o f  t h e  Southwell-Skan e x a c t  
s o l u t i o n  of  t h e  d i f f e r e n t i a l  e q u a t i o n .  

The c o e f f i c i e n t s  C o f  t h e  shear f o r c e s  ( e i g e n v a l u e s )  t ,  
which are p o s s i b l e  s o l u t i o n s  o f  the d i f f e r e n t i a l  equd t ion ,  are 
r o o t s  o f  an  e q u a t i o n  o b t a i n e d  by s e t t i n g  t h e  denominator d e t e r -  
minant o f  the  system ( 9 )  e q u a l  t o  0, I n  p r a c t i c e ,  t h e  c d l c u l a -  
t i o n  can b e  made only  f o r  a f i n i t e  number o f  e q u a t i o n s  w i t h  

a f i n i t e  number of  unknowns A. The unknowns A of  each  s y s t e m  
o f  e q u a t i o n s  ( w i t h  odd o r  oven ( m l  t n ) )  can b e  broken down i n t o  
two groups:  one group w i t h  even index  n and a second group w i t h  
odd n.  (Analogously,  t h e  groups could  be d i s t i n g u i s h e d  on t h e  

basis of  z l ) .  
on ly  one unknowli A of one o f  the groups ,  whi le  a l l  t k e  ot.> 

I n  each  e q u a t i o n  o f  t h e  two s y s t e m s ,  t h e r e  i s  

unknowns A are o f  t h e  o t h e r  group. Accordingly,  t h e r e  a. dO 

groups o f  e q u a t i o n s  i n  each  s y s t e m .  S ince  C’l does not  o c u w  
as a f a c t o r  i n  one group, C e A  ( i n s t e a d  o f  A )  i s  in t roduced  as 
an  unknown i n  one group. The s y s t e m  of  C o e f f i c i e n t s  ol” t h e  
s y s t e m  o f  e q u a t i o n s  t h e n  has t h e  form d e p i c t e d  i n  Table  1, which 
i l l u s 2 r a t e s  t h e  system w i t h  Jdd ( m l  + n ) .  Only t h e  eq.:, P . S  

f o r  t h e  i n d i c e s  (p-3) th rough ( p t 3 )  ( i n  t h e  long i tud ina . ,  
d i r e c t i o n )  and n = 1 chrough n = 3 ( i n  t h e  t r a n s v e r s e  d i r e c t i o n )  
a r e  w r i t t e n .  
t o  b e  n e g l i g i b l e .  
t i c n  should  b e  compared w i t h  t h e  e x a c t  va lue  o f  C o r  ca known 
i n  t h i s  c c s e .  

The c o e f f i c i e n t s  w i t h  l a r g e r  m l  o r  n a r e  assumed 
The e r r o r  i n  C o r  ca vodicC-\ i  by t h i s  e l imina -  

I n  t h e  s y p t e r n  w i t h  odd ( m l  t n )  we now have 

A ( p  + mlln  ( p  - q ) n ,  = + A  when n i s  odd, 
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( p  t 211' Taking t h i s  i n t o  accounb and e x p r e s s i n g  the unknowns A 

and *(p  t 3 ) 2  A and A i n  t e r r r  of A ( P  + 1)2 
A ( ~  + 213' p l  P 3  
(first  group of equa t io r l s ) ,  and s u b s t i t u t i n g  t h i s  i r i  t h e  second 
group o f  e q u a t i o n s ,  we f i n a l l y  o b t a i n  j u s t  two e q u a t i o n s  w i t h  

A ( p  t 3 ) 2 '  t h e  unknowns A ( P  + 1)2 
d e t  ermii?ar,t, and, by s e t t i n g  It, equa l  t o  0 ,  a q u a d r a t i c  e q u a t i o n  

i . e .  j u s t  a second-order 

f o r  x = C". 

when even more unknowns A are  aken i n t o  c o n s i d e r a t i o n ,  namely 
w i t h  t h e  i n d i c e s  ( p  - 4 )  th rough ( p  + 4 )  and n = 1 through 3 o r  
t he  i n d i c e s  (p  - 2 )  th rough ( p  + 2 )  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n ,  
and  n = 1 through 5 i n  the  t r a n s v e r s e  d i r e c t i o n  ( i . e .  f i v e  i n d i c e s  
i n  each  d i r e c t i o n ) .  I r l  t h e  f i rs t  c a s e  (1.e.  w i t h  n i n e  i n d i c e s  
i n  t h e  i o n g i t u d i n a l  d i r e c t i o n  and th ree  i n a i c t s  i n  t h e  t r a n s v e r s e  
d i r e c t i o n ) ,  w e  o b t a i n  

A de te rminan t  w i t h  j u s t  two terms i s  a l s o  c b t a i n e d  

4 a+- 

( 1 2 )  

T h i s  f u n c t i o n  ca  has rz minimum a t  a = 0,7995.  I n  t h e  second 
c a s e  ( f i v e  I n d i c e s  i n  each  c 5 r e c t i o n ) ,  t h e  formi-la for. C a  i s  
not  as s imple ,  The f i rs t  caSe y i e l d s  more a c c u r a t e  v a l u e s ,  and 
cannot  b e  d i s t i n g L i s h e d  from t h e  t r u e  cu rve  i n  t h e  graph i n  
F i g .  2 .  T h ? s  dJ-- Tram a l s o  shows t h e  cu rve  o b t a i n e d  w i t h  th ree  
i n d i c e s  each  i n  ;he l cmgi tud in5 l  and t r a n s v e r s e  d i r e c t i o n s .  
Fol t h e  p r e c i s e  cur ' i t  (correspondir-,g t c  t h e  Southwall-Skan 
s o l u t i o n ) ,  t h e  minlhum c, = 13.165 i s  between R/b 1 .235 and 
1.257 [6, T a b l e  I] n e a r  R/b = 1.25  ( i . e .  a = 0 . 8 ) .  The va lue  
g iven  above, a = 0.7995, f o r  t h e  approximate c i i r ~ e  i s  i n  
e x c e l l e n t  agreement w i t h  t h i s  f i g u r e ,  Apart  from t h e  approxima- 
t i o n  a l r e a d y  d i s c u s s e d ,  Zur the r  approximhtlons w i t h  s m a l l e r  
v a l u e s  o f  m l  and n have been made f o r  a = 0 . 8  and t h e  r e s u l t s  
c o l i e c t e d  i n  T a b l e  2 .  For t h e  l o n g i t u d i n a l  d i r e c t i o n ,  on ly  t h e  
number o f  ( s u c c e s s i v e )  ind. ic?s  used i n  t h e  approximation i s  
g iven ,  s i n c e  t h e  r e s u l t  i s  independent  of  whe t i l e r  t h e  i t i d i ces  
a r e  t aken  from ( p  t 1) through ( p  + 9) or from ( p  - 4) t m o u g h  
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( p  t 4 ) ;  i n  a t r a n s v e r s e  d i r e c t i o n ,  t h e  first i n d e x  i s  always 
n = 1. T a b l e  2 shows tha t  i n  o r d e r  t o  o b t a i n  a good 
approximation,  it i s  best t o  take more terms i n  the l o n g i t u d i n a l  
d i r e c t i o n  t h a n  i n  t h e  t r a n s v e r s e  d i r e c t i o n ,  and tha t  t h e  e r r o r  
of t h e  best approximat ion  ( n i n e  l o n g i t u d i n a l  i n d i c e s ,  three 
t r a n s v e r s e  i n d i c e s )  i s  less t h a n  0.5%. For l a r g e r  v a l u e s  o f  
a, t h e  e r r o r s  i n  t h e  approximat ion  w i t h  t h i s  e x p r e s s i o n  are 
s u b s t a n t i a l l y  larger ,  e .g .  4.65% f o r  a = 3 and 13% f o r  a = 4 ,  
whi le  t h e  approximat ion  w i t h  f i v e  l o n g i t u d i n a l  and t r a n s v e r s e  
i n d i c e s  y i e l d s  an  e r r o r  o f  on ly  0.65% even for a = 4 .  The 
smaller t h e  wavelength ( i . e .  t h e  larger 
i n f l u e n c e  of t h e  number o f  i n d i c e s  ri i n  

?ig.  2.  C o e f f i c i e n t  c o f  the  c r i t i c a l  
shear l o a d  of  an  i n f i n f t e l y  long,  iso- 
t r o p i c  p l a t e  as a f u n c t i o n  o f  R/b ( R  = 
haif-wavelength o f  t h e  buckled s u r f a c e ,  
b = width o f  p l a t e ) .  Comparison of  
v a r i o u s  approximate  s o l u t i o n s  w i t h  
e x a c t  s o l u t i o n .  (The best  o f  t h e  
approximate s o l u t i o n s  v i r t u a l l y  co in-  
c i d e s  w i t h  t h e  e x x t  s o l u t i o n . )  The 
number p i s  i n f i n i t e l y  large,  c o r r e s -  
ponding t o  t h e  number o f  waves. 

Key: a. Exact s o l u t i o n  
b.  Between two cu rves  

a), t h e  greater the  
the  t r a n s v e r s e  d i r e c t i o n .  

I n  t he  s y s t e m  /177 
o f  e q u a t i o n s  w i t h  

even sum (ml + n ) ,  
t h e  same va lue  c2 

i s  obbair led as i n  
t h e  co r re spond ing  
s y s t e m  o f  equat ioni ,  
w i t h  odd sum (ml + n >  
w i t h  a g iven  number 
of i n d i c e s  i n  t h e  
l o n g i t u d i n a l  and 
t r a n s v e r s e  d i r e c t i o n s .  
The buckled s u r f a c e  
r e p r e s e n t e d  by  t h e  

f u n c t i o n  w ,  t h e  

c a l c u l a t i o n  o f  which 
i s  y e t  t o  come, i s  
t h e  same i n  bo th  c a s e s ;  
t h e r e  i s  on ly  a 
d i f f e r e n c e  i n  the 
p o s i t i o n  o f  t i A L ?  

o r i g i r i  of  t h e  



TABLE 2. COEFFICIENT c = tcr(b/2)2/D OF 
CRITICAL SHEAR LOAD IN VARIOUS APPROXIMATIONS 
FOR INFINITELY LONG PLATE AS COMPARED WITH 
EXACT VALUE c, = 13.165 

Devia t ion  from Number of i n d i c e s  o f  A, 
ti+ken i n  approximated C a  = 13.165 i n  

x 
Long i tud ina l  Transverse  
d i r e c t i o n  d i r e c t i o n  

ca 

11.65 
7.5 
5.6 
0.88 
043 
0 4  

c o o r d i n a t e  s y s t e m ,  l y i n g  i n  one case on a noda l  l i n e ,  and ir .  
the  o t h e r  c a s e  halfway between two nodal  l i n e s .  A corresponding  
d i f f e r e n c e  a l s o  t u r n s  up i n  t he  Southwall-Skan exac t  s o l u t i o n ,  
and i n  f a c t  be tkeen  the  rea l  and imaginary parts o f  t h e  f u n c t i o n  
W .  

I n  o r d e r  t o  d e p i c t  t h e  form o f  t he  buckled s u r f a c e ,  t h e  

f u n c t i o n  w must be  c a l c u l a t e d  numer ica l ly  by E q .  ( 2 ) ;  however, 
t h i s  cannot be done d i r e c t l y  f o r  an i n f i n i t e l y  long  plate ,  s i n c e  
t h c  o r i g i n  of  t h e  c o o r d i n a t e  s y s t e m  i s  a t  i n f i n i t y ,  s o  t h a t  a t  
f i r s t ,  no s p e c i f i c  va lue  can be given f o r  s i n  (m 51 x / a ) .  The 
formula must be developed f u r t h e r .  For this purpose,  t h e  f u n c t i o n  
wam = sir. ( m  IT x /a )  f o r  a r e l a t i v e l y  l o n g  p l a t e  o f  l e n g t h  a w i l l  
be cons idered ,  m be ing  s o  l a r g e  t h a t  t h e  half-wavelength o f  t h i s  
f u n c t i o n  i s  on t h e  o r d e r  of  t h e  p l a t e  width.  I n  t h e  g raph ic  
r e p r e s e n t a t i o n  of  warn i n  F i g .  3, the  middle  half-wave i s  
emphasized ( an  odd nurnber i s  assumed f o r  m . )  The f u n c t i o n s  

Wa(m + 1) W a ( m  + 2 )  and 'a(m + 3 )  w i t h  1, 2 and 3 h ighe r  

14 



half-uave numbers t h a n  warn are d e p i c t e d .  
m o f  t h e  half-waves l y i n g  w i t h i n  the  l e n g t h  a,  t h e  smaller the 
d i f f e r e n c e s  i n  half-wavelengths i n  these f o u r  cases; i n  the 
l i l n i t l n g  c a s e  m + ~ 1 ,  i n  which case  a + ~1 a t  the  same time, the 
half-wavelength must b e  e q u a l  i n  a l l  f o u r  cases ( c f .  Eq. (11) 
u n l e s s  t h e  half-wavelength vanishes ,  and, i f  t h e  o r i g i n  i s  
t a k e n  a t  t h e  beginning o f  one o f  t he  c e n t e r  half-waves,  the  
f o u r  f u n c t i o n s  d e p i c t e d  i n  F ig .  3 can be w r i t t e n :  

The larger t h e  number 

by t r a n s p o s i n g  t o  t h e  l i m i t i n g  case a -* Q) and keeping Eq.(lO) 
i n  mind. To c a l c u l a t e  t he  buckl ing  f u n c t i o n  -- c f .  Eq. ( 2 )  -- 
f o r  t h e  i n f i n i t e l y  l o n g  p la te ,  we o b t a i n  t h e  equa t ion :  

Here, k i s  obta ined  from (11). The number p ,  whjch occur s  only  
i n  t h e  i n d i c e s  o f  t he  c o e f f i c i e n t  A,  and which was in t roduced  
i n  t h e  d e r i v a t i o n  o f  Eq.  ( Y ) ,  i s  i n f i n i t e l y  large, i n  accordance 
w i t h  t h e  number o f  waves. 

Using t h i s  equa t ion ,  t h e  buckled shape was c a l c u l a t e d  /178 
under the  assumption a = 0.8 ( k  = 1 .25  b )  f o r  f i v e  ; n d i c e s  
i n  t h e  l o n g i t d d i n a l  d i r e c t i o n  ( p  - 2 through p + 2 )  and  three 
i n d i c e s  i n  t h e  transverse d i r e c t i o n  (n = 1 through 3 ) ,  i n  o r d e r  
t o  demonstrate  t h e  d i f f e r e n c e  i n  t h e  buckled shape  ob ta ined  by 
t h e  exac t  method (Southwall-Skan) and by  t h e  approximation.  T h i s  
d i f f e r e n c e  i s  shown i n  t h e  contours  d e p i c t e d  i n  F i g .  4 ;  t h e  

s o l i d  l i n e s  correspond t o  t h e  exac t  s o l u t i o n .  I n  t h e  l e f t  ha l f  

of  t h e  diagram, t h e  broken l i n e s  represent t h e  con tour s  
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Fig.  3 .  S i n u s o i d a l  l i n e s  w i t h  v a r i o u s  
numbers o f  p e r i o d s  i n  a s p e c i f i c  
l e n g t h  a. (Pass ing  t o  t he  l i m i t  
a -c and m * -, w e  o b t a i n  R, = R, + = Em + 2 = R, + 3 ) .  

corresponding  t o  t h e  
approximation described 
above, whenever they  
d i f f e r  from t h e  exact 
s o l u t i o n .  The d i f f e r e n c e s  
are g r e a t e s t  f o r  t h e  
nodal  l i n e  (w = 0 ) .  I n  
the le f t  half  o f  t h e  
diagram, t h e  noda l  l i n e  
r e s u l t i n g  from a f u r t h e r  
approximation ( f i v e  
i n d i c e s  i n  each d i r e c t i o n )  
is  p l o t t e 5  as a d o t t e d  
l i n e ,  c l o s e r  t o  t h e  e x a c t  
l i n e  t h a n  the  broken l i n e .  
The c o e f f i c i e n t s  A, 

(017 * ( P  + m1)n ) w i t h  
which t h e  buckled s u r f a c e  

was c a l c u l a t e d  are c o l l e c t e d  i n  Table 3,  which a l s o  c o n t a i n s  the  
va lues  A, f o r  t he  approximation no t  used i n  the  g raph ic  r ep re -  
s e n t a t i o n  i n  n i n e  i n d i c e s  i n  t he  l o n g i t u d i n a l  d i r e c t i o n  and 
three i n d i c e s  i n  t h e  t r a n s v e r s e  d i r e c t i o n .  
can be determined from s y s t e m  ( 9 )  up t o  a f a c t o r  i d e n t i c a l  i n  
a l l  c o e f f i c i e n t s ,  which was chosen i n  a l l  c a l c u l a t i o n s  s o  t h a t  

decreased  as t h e  i n d i c e s  m l  and n i n c r e a s e ;  
recognized  from the  t ab le  tha t  i t  i s  be t te r  t o  take a l a r g e r  
number of i n d i c e s  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  t h a n  i n  t h e  
t r a n s v e r s e  d i r e c t i o n .  A conspicuous f e a t u r e  i s  t h e  i n f l u e n c e  
of t h e  i n c l u s i o n  of t h e  term A ( P  + 3 ) 2 ,  which as opposed t o  
t h e  f i r s t  two approximations g i v e n  i n  Tab le  3 ,  causes  a change 
in *p1 and A ( p  t 2)l which i s  greater t h a n  A ( P  + 3)2 i t s e l f .  

The c o e f f i c i e n t s  Amn 

t h e  maximum buck l ing  was wmax = 1 . 0 .  The va lues  A ( m  + ml)n 
it can ais0 b e  

- 

Comparisons o f  both t h e  buckled s u r f a c e s ,  ob ta ined  by t h e  
approximation and b y  t he  exac t  s o l u t i o n  f o r  t h e  i n f i n i t e l y  long  



I I I I 
.- - 

Fig. 4 .  Contou1.s o f  buckled s u r f a c e  
of  i n f i n i t c i y  long  i s o p t r o p i c  p l a t e .  
Comparison o f  approximations w i t h  
exac t  s o l u t i o n  f o r  Il/b = 1 . 2 5 .  

-.-.-.-.-.-. Exact s o l u t i o n  

p l a t e ,  and of  t h e  
cor responding  c r i t i c a l  
shear l o a d s  show e x c e l l e n t  
agreement,  which can  be 

cons idered  s u f f i c i e n t l y  
p r e c i s e  f o r  p r a c t i c a l  
purposes .  Although t h e  
approximation does no t  
go beyond c a s e s  y i e l d i n g  
a complete de t e rmina te  
of  two terms f o r  t h e  
de te rmina t ion  o f  t h e  
c r i t i c a l  shear load ,  t h e  
e r r o r  i n  t h i s  approximation 
i s  less  t h a n  0.5%; 
r e s t r i c t i n g  ou7se lves  t o  
working w i t h  a one-term 

Approximate S o l u t i o n : ( P  + 1) determinant  ( p  - 2 through 
through (p  + 5 ) ;  n = 1 
through 3 (only on t h e  l e f t  p + 2; n = 1 through 3 )  
hal f  of  t he  diagram).  s t i l l  does not  make t h e  
Approximate s o l u t i o n :  ( p  + 1) 

e r r o r s  greater t h a n  1%. through ( p  + 5) ;  n = 1 through 
5 (only  f o r  a nodal  l i n e  w = These r e s u l t s  were 

ob ta ined  wi th  ra ther  l i t t l e  0). 

computation, making use  
of c e r t a i n  s i m p l i f i c a t i o n s  v a l i d  f o r  t h e  special  c a s e  o f  t h e  
i n f i n i t e l y  1onL p l a t e .  I n  t he  o t h e r  l i m i t i n g  c a s e  of t h e  problem, 
namely t h e  squa re  p l a t e ,  i t  w i l l  also be  p o s s i b l e  t o  make c e r t a i n  
s i m p l i f i c a t i o n s .  

4 .  The square p l a t e .  I n  t h e  case of  a square  p l a t e ,  t h e  
same i n d i c e s  are chosen i n  t h e  *and y -d i r ec t ions  because of 

r e l a t i o n s h i p  s i m p l i f i e s  t h e  c a l c u l a t i o n .  These s t u d i e s  of  
Bergmann and Reissner  [ Z ]  showed t h a t  t h e  s y s t e m  of  e q u a t i o n s  for  
t h e  c o e f f i c i e n t s  A,, w i t h  even sum of  i n d i c e s  (m + n )  (Case I )  

symmetry; l i k e w i s e  because of symmetry, A,, = Anm. T h i s  
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yielded t h e  smaller c r i t i c a l  shear l o a d  (c,) . 
a squa re  p l a t e ,  we w i l l  deal j u s t  w i th  this case. The 
c o e f f i c i e n t s  c a l c u l a t e d  f o r  t he  unknowns & u s i n g  ( 8 )  f o r  
8 = 1 (i.e. a = b )  are l i s t e d  i n  T a b l e  4, i n c l u d i n g  a l l  unknowns 
A, w i t h  L a i c e s  1 through 5. Once aga in ,  as wi th  t h e  system 
of equa t ions  f o r  the  i n f i n i t e l y  l o n g  p l a t e ,  t he  unknowns can  be 
d iv ided  i n t o  two groups: t h o s e  wi th  odd i n d i c e s  maland n (Al1, 
A13.....A55) and t h o s e  w i t h  even i n d i c e s  m and n (Az2, A24, A 4 4 ) .  
By s u b s t i t u t i n g  equa t ions  o f  t h e  f i rs t  group i n t o  t h e  Eqs. ( 5 a )  
o r  (5b) formulated f o r  A22, A24 and A44, we f i n a l l y  ob ta ined  
j u s t  three equa t ions  i n  these three unknowns. (Eqs. ( 5 a )  and (5b) 
are formula ted  i n  g e n e r a l  form f o r  Amn.) C, i . e .  t h e  c r i t i c a l  
shear load, i s  then  c a l c u l a t e d  by s o l v i n g  t h e  fo l lowing  t h i r d -  
o r d e r  de te rminant ,  se t  equa l  t o  zero:  

Therefore ,  w i t h  

Expanding t h i s  de te rminant  y i e l d s  t h e  equa t ion :  

The three  r o o t s  (lO3*C-*> of t h i s  equa t ion  a r e  r ea l  and 
p o s i t i v e ;  t h e  l a r g e s t  o f  these r o o t s  has  
1..059822, so tha t  C = 30.292, arx! C, 

o t h e r  two r o o t s  (103*C'*) y i e l d  va lues  of  Ca which are about  
2.7 and 4 .2  times a s  lcrge.  

t h e  va lue  103eC-2 = 
The = n4C/128 = 23.05. 

/181 - 

Once C has  been  determined,  t h e  unknowns Anm can t h e n  be 
c a l c u l a t e d .  The resul+, of  t h i s  c a l c u l a t i o n  i s  shown i n  T a b l e  

20 



5, and a g a i n  the c o e f f i c i e n t s  An, have been c a l c u l a t e d  i n  such 
a f a s h i o n  that  the mcximum buck l ing  o c c u r r i n g  i n  t h e  c e n t e r  of 
‘he p l a t e  i s  wmax = 1 . 0 .  The table  a l s o  g i v e s  t he  cor responding  
r e s u l t s  f o r  t h e  c a s e s  i n  which t h e  i n d i c e s  m and n run  no t  from 
1 through 5 bu t  i n s t e a d  through 2, 3 o r  4 and f i n a l l y  through 6. 
When t h e  i n d i c e s  run  on ly  through 2 o r  3,  C i s  ob ta ined  from a 
s imple determinant  ( f o r  A Z 2 )  i n s t e a d  o f  a t h i r d - o r d e r  deter- 
minant; i f  t h e  i n d i c e s  r u n  through 6, one would e v e n t u a l l y  have 
t o  s o l v e  a complete s i x t h - o r d e r  de te rminant  i f  one proceeded i n  
t h e  same manner as above. I n  o r d e r  t o  avo id  t h i s ,  a n o t h e r  
method was employed ( s u c c e s s i v e  approximations of  t h e  unknowns 
An, and C ) ,  which, however, does n o t  supply  t h e  p r e c i s e  (approxi -  
mate) va lue  C and t h e  cor responding  va lues  A,,, which would be 
ob ta ined  from t h e  s i x t h - o r d e r  de te rminant ;  n e v e r t h e l e s s ,  w i t h  
r e l a t i v e l y  l i t t l e  computation, t h i s  method w i l l  y i e l d  va lues  
s u f f i c i e n t l y  a c c u r a t e  t o  i n d i c a t e  t h a t  t h e  r e s u l t s  o f  t h e  compu- 
t a t i o n  w i t h  i n d i c e s  1-6 d i f f e r s  very l i t t l e  from the  computation 
w i t h  i n d i c e s  1-5. I n  p a r t i c u l a r ,  i t  i s  ev iden t  t h a t  t he  new 
unknown A 2 6 ,  A46 and A66 a re  s u b s t a n t i a l l y  smaller t h a n  the  o t h e r  
unknowns i n  t h e  computation and t h a t  there  i s  only a very small 
dec rease  i n  t h e  approximate ca.  This  c a l c u l a t i o n  was performed 
as fo l lows:  t h e  va lues  A, and t h e  va lue  C c a l c u l a t e d  f o r  t h e  
i n d i c e s  1 through 5 were s u b s t i t u t e d  as f i rs t  approximat ions in  
the  new system o f  e q u a t i o n s  f o r  t h e  i n d i c e s  1 through 6 .  T h i s  

system involved  t h e  new unknowns A269 A46, and A66, which a l l  
belong t o  t h e  second group o f  unknowns ( w i t h  even i n d i c e s ) .  For 
these new unknowns, the f i rs t  approximations m u l t i p l i e d  by 
C - l  ( C - l  A269 c-1 ~ 4 6  and C-1 ~ 6 6 )  were c a l c u l a t e d  from the  new 
equa t ions  c o n t a i n i n g  only one of these unknowns t o g e t h e r  w i t h  

unknowns o f  t he  f i r s t  group ( w i t h  odd i n d i c e s ) .  S ince  t h e  
unknowns A, are determined only up t o  an  a r b i t r a r y  f a c t o r ,  one 
o f  t h e  Am, could b e  chosen a r b i t r a r i l y ,  e.g. we s e t  A 1 1  = 1 and 
t h e n  in t roduced  t h e  unknowns xm f Amn/A11 t o  r e p l a c e  t h e  Amn. 
Once f i r s t  approximations have been found f o r  X 2 6 ,  x46  and ~ ~ ~ , / l 8 2  
a new (second)  approximation C-2 ( = C-2 xll )  can be c a l c u l a t e d  
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from the f i rs t  equa t ion  !the equa t ion  f o r  A l l )  and t h i s  second 
approximation w i l l  depend only on the va lues  x, o f  t h e  second 
group. Next ,  t h e  unknowns of t h e  second group m u l t i p l i e d  by 
C-2 (c-2 ~ 1 3 ,  c-2 x33, C-2 x i 5  e t c )  were c a l c u l a t e d  and, once 
t h e  second approximation x, o f  t h e  f i r s t  group has  been 
c a l c u l a t e d  ( a f t e r  d i v i s i o n  by t h e  second approximation C - 2 ) ,  
t h e  second approximations x,, of t h e  second group, m u l t i p l i e d  
by  C - l ,  ( C - I  x22, C - 1  ~ 2 4  e t c )  were c a l c u l a t e d .  The procedure 
was r e p e a t e d  u n t i l  t h e  unknowns xm and C no longe r  changed 
a p p r e c i a b l y .  I n  order f o r  t h e  method t o  be usab le ,  t he  new xmn 
must be r e l a t i v e l y  small and the  changes induced by t h e i r  
i n c l u s i o n  i n  t h e  o t h e r  va lues  x, and i n  C must a l s o  be r e l a t i v e l y  
small. The method was a l s o  employed i n  a p p r o p r i a t e  f a s h i o n  i n  
p a s s i n g  from t h e  s y s t e m  of equa t ions  wi th  i n d i c e s  1-3 t o  t h e  
s y s t e m  w i t h  1-4,  and from t h e  l a t t e r  s y s t e m  t o  t h a t  w i t h  i n d i c e s  
1-5. S ince  i n  these two c a s e s ,  exac t  s o l u t i o n s  o f  t h e  systems 
o f  equa t ions  have also been c a l c u l a t e d ,  t h e  r e s u l t s  o f  t h e s e  
s o l u t i o n s  were compared w i t h  the  s u c c e s s i v e  approximation 
method. The comparison showed tha t  i n  t h e  f o u r t h  approximation 
of  t h e  l a t t e r  method, t h e  r e s u l t s  o f  bo th  methods agreed  t o  
f o u r  places,  and u s u a l l y  f i v e .  The r e s u l t s  o f  f o u r  approximations 
f o r  i n d i c e s  1-6 are l i s t e d  i n  Table  6.  

Based on t h e  approximation C a  t o  t h e  c r i t i c a l  shear l o a d  
c a l c u l a t e d  f o r  t h e  square  p l a t e ,  i t  i s  r easonab le  t o  assume 
t h a t  t h e  exac t  va lue  ca w i l l  not  be  muc5 less  t h a n  t h e  va lue  
C a  = 23.05 o J t a i n e d  i n  t h e  c a l c u l a t i o n  w i t h  t h e  i n d i c e s  1 through 
5. Moreover, i n c l u d i n g  more i n d i c e s  does no t  s een  t o  change 
t h e  buckled s u r f a c e  i t s e l f  v e r y  much, s i n c e  t h e  a d d i c i o n a l  
c o e f f i c i e n t s  Am, are r e l a t i v e l y  small and t h e  approximations 
t o  t h e  buckled s u r f a c e  us ing  i n d i c e s  1 through 5 and 1 through 
3 d i f f e r  very l i t t l e ,  as shown i n  F ig .  5 .  Hence i t  seems 
l e g i t i m a t e  t o  suppose t h a t  i n c l u d i n g  more i n d i c e s  i n  t h e  
approximat ion w i l l  no t  b r i n g  about  any s u b s t a n t i a l  changes i n  
t h e  buckled s u r f a c e .  Also, as a comparison of  t h e  c o e f f i c i e n t s  
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TABLE 6.  
SHEAR FORCE (C = 128 t C ,  (b/2)2/n4D) BY SUCCESSIVE APPROXIMATION 
FOR THE SQUARE PLATE, USING COEFFICIENTS A, WITH INDICES 

CALCULATION OF x,, ( = %/Al1) AXD C,  THE L R I T I C A L  

m = 1 - 6 AND n 1 - 6. 

CI 
C 

A, (Tables 3 and 5 )  
i n d i c a t e s ,  t h e  series . 

f o r  t he  buck l ing  f u n c t l  
appears  t o  converge 
be t t e r  f o r  t h e  squa re  
p l a t e  than  f o r  t h e  
i n f i n i t e l y  long  plr i t  e. 
I n  t h e  l a t t e r  c a s e ,  
t a k i n g  f i v e  i n d i c e s  i n  
b o t h  d i r e c t i o n s  gave 
an  e r r o r  of  only 0.5% 
i n  t h e  c r i t i c a l  s h e a r  

.on 

load .  
Fig.  5. Contours of  buckled s u r f a c e  
of i s o t r o p i c  squa re  p l a t e .  Compari- 
son of two approximations:  5. Rec tangular  

-- m = 1 - 5; n = 1 - 5. p l a t e  of a r b i t r a r y  

ch,at ion o f  c o e f f i c i e n t  
ca of  c r i t i c a l  shear 
load .  I f  i n  t h e  formula 

m = l - 3; n = l - 3 p r o p o r t i o n s ,  a )  Cal- 
(only  i n  t h e  lower half  
of t h e  diagram) 

---------- 
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f o r  c a l c u l a t i n g  t h e  shear l o a d  ana logous  t o  Eq. ( 7 )  

= c D (b/2)'* t c r  a (13) 

b i s  a l w a y s  t a k e n  t o  be t h e  s h o r t  s i d e  of +he r e z t a n g u l a r  p l a t e ,  
i t  i s  only n e c e s s a r y  t o  f i n d  t h e  c o e f f i c i e n t  ca fd-)r va lues  
6 = b/a  which l i e  between 0 and 1. These two e:.sreme c a s e s  
f o r  the  r a n g e  o f  8 ,  r e p r e s e n t i n g  t h e  i n f i n i t e l y  l o n g  p l a t e  and 
t h e  squa re  p l a t e ,  have a l r e h d y  bzen d i s c u s s e d  i n  d e t a i l  i n  
t h e  p r e v i o u s  s e c t i o n s .  The c a l c u l a t i o n  f o r  a rb i t r a ry  data 
cou ld  now be  c a r r i e d  ou t  as it was done f o r  t h e  s q u a r e  p l a t e .  
I f  f o u r  o r  f i v e  i n d i c e s  (1 - 4 o r  1 - 5 )  each  are t s k e n  i r ;  t h e  
l o n g i t u d i n a l  and t r a n s v e r s e  d i r e c t i o n s ,  one wo1:ld e v e n t u a l l y  
have t o  s o l v e  a complete f o u r t h - o r d e r  de t e rminan t  ( i n s t e a d  o f  
t h e  t h i r d - o r d e r  de te rminant  f o r  = 1) i n  Case I ( s i n c e  A 2 4  # 

*42) 
out  by  Bergmann and R e l s s n e r ,  and t h e  r e s u l t s  compared wi th  

t h e  r e s u l t  f o r  i n d i c e s  1 thlaoup;l 3 i n  Fig.  3 o f  t h e i r  work [ 2 ]  
(as well  as  i n  t h e i r  T a b l e  3 ) .  T h i s  comparison shows t h a t  t h e  

d i f f e r e n c e  i n  the  r e s u l t s  o f  the two c a l c u l a t i o n s  i s  re l r t iwely  
small f o r  v a l u e s  o f  b / a  between 0 . 7  and 1 . 0 ,  and t h a t  , the 
d i f f e r e n c e s  do n o t  begin  t o  i n c r e a s e  u n t i l  b/a i s  less  t h a n  0.7. 

I n  view o f  t h e  f a c t o r s  mentioned d u r i n g  the c a l c u l a t i o n  i'or 
t h e  i n f i n i t e l y  l o n g  p l a t e ,  t h i s  i n c r e a s e  i n  t h e  d i f f e r e n c e  as  
b/a d e c r e a s e s  i s  q u i t e  unde r s t andab le .  For t h e  -quare : . l a t e ,  
t h e  c o e f f i c i e n t  All i s  t h e  l a r g e s t  o f  all c o e f f i c i e n t s .  
t h e  o t h e r  hand, as t h e  p l a t e  g e t s  l o n g e r ,  t h e  c o e f f i c i e n t s  A,, 
w i t h  larger  m beg in  t o  i n c r e a s e ,  so  tha t  t h e  c o e f f i c i e n t s  w i t h  
i n d i c e s  m = 2 o r  = 3 - - 4 (and w i t h  even l a r g e r  rn for. 
co r re spond ing ly  long  p l a t e s )  become t h e  l a rges t  of  %ill t h e  

c o e f f i c i e n t s  A, and t h u s  can no l o n g e r  b e  n e g l e c t e d ,  as was 
t h e  c a s e  when on ly  i n d i c e s  1 through 3 were inc luded .  If one 
wishes t o  t a k e  only t h r e e  i n d i c e s  i n  o r d e r  t o  s i m p l i f y  t h e  
c a l c u l a t i o n ,  it i s  be t t e r  i n  t h e  c a s e  of  a long  p l a t e  t o  t a k e  

With i n d i c e s  1 - 4 ,  t h i s  c a l c u l a t i o n  has been c a r r i e d  

On 
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not  i n d i c e s  1 through 3 b u t  i n s t e s d ,  depending on the  r a t i o  
between t h e  sides,  e.g. t he  i n d i c e s  2 through 4 o r  even larger 
numbers f o r  the l o n g i t u d i n a l  d i r e c t i o n .  Fig.  6 d e p i c t s  t h e  
d i f f e r e n c e  i n  t n e  r e s u l t s  of two c a l c u l a t i o n s  w i t h  i n d i c e s  
m = 1 through 3 and m = 2 through 4 ( n  = 1 through 3 i n  bo th  
c a s e s ) .  Up t o  roughly b/a = 0.37, t h e  c a l c u l a t i o n  wi th  indices 
2 through 4 y i e l d s  smaller, i.e. bet ter  approximations f o r  t h e  
c r i t i c a l  shear load .  For b/a = 0.37, bo th  curves  y i e l d  the same 
value  C a  which seems somewhat large i n  comparison w i t h  t h e  

va lue  C a  f o r  a d j a c e n t  va lues  o f  ba. Thus if b/a  = 0.37, t a k i n g  
only three i n d i c e s  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  probably 
s u p p l i e s  re la t i i -s ly  poorer  r e s u l t s  t h a n  f o r  va lues  of b/a i n  
ad jacen t  r eg ions .  If the  cu rves  are c a l c u l a t e d  f o r  i n d i c e s  
1 through 4 i i l  t h e  l o n g i t u d i n a l  d i r e c t i o n  and 1 through 3 i n  
t h e  t r a n s v e r s e  d i r e c t i o n ,  t h e  r e s u l t i n g  va lues  f o r  C a  are 
smaller t h a n  t h o s e  from e i ther  o f  t h e  two p rev ious ly  c a l c u l a t e d  
curves  ( a l though  some o f  t h e  d i f f e r e n c e s  are van i sh ing ly  small) 
f o r  a l l  va lues  o f  b/a. As might have been expected,  the  
maximum d i f f e r e n c e  occurs  nea r  b/a = 0.37, t h e  i n t e r s e c t i o n  o f  
t h e  two previous  cu rves .  However, even f o r  t he  va lue  b/a a t  
which t h e  curve  c a l c u l a t e d  w i t h  i n d i c e s  m = 2 through 4 r e a c h e s  
it minimum C a ,  t h e  d i f f e r e n c e  i s  not  i n s i g n i f i c a n t l y  small. 
Accordingly,  as was a l s o  i n d i c a t e d  by t h e  r e s u l t s  o f  t h e  v a r i o u s  
approximations made i n  t h e  c a s e  o f  t h e  i n f i n i t e l y  long  p l a t e ,  
t h e  b e s t  p o s s i b l e  approximations would be  ob ta ined  by fo l lowing  
a previous  sugges t ion  of  Re i s sne r  f o r  d e c r e a s i n g  b /a  ( i . e .  f o r  
longer  p l a t e s )  and i n c r e a s i n g  only t he  number of  i n d i c e s  m i n  
the l o n g i t u d i n a l  d i r e c t i o n .  

- /184 

Never the less ,  t h e  c a l c u l a t i o n  was not  executed  i n  t h i s  

manner; s i n c e  f irst  t h e  equa t lons  f o r  c a l c u l a t i n g  t h e  cu rves  

Ca ( b / a )  become q u i t e  complicated w i t h  f o u r  i n d i c e s  m, even 
i f  t h e r e  a r e  only t h r e e  i n d i c e s  n. Hence, c a l c u l a t i n g  t h e s e  
chrves involves  d grei . deal  more computation than  was necessary  
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Fig .  6. ca - - tCr(b/2)*/D (Coef- 
f i c i e n t  o f  t h e  c r i t i c a l  shear load  
of a n  i s o t r o p i c  p la te )  as a fclnction 
of t he  r a t i o  B = b/a  between the  
s ides .  Comparison of d i f f e r e n t  
app-oximate s o l u t i o n s .  

i n  the case o f  three 
i n d i c e s  i n  two d i r e c t  ions3 .  
Moreover, t he  d i f f e r e n c e  
i n  the r e s u l t s  o b t a i n e d  
w i t h  f i v e  inCices  as 
compared w i t h  t h o s e  
ob ta ined  w i t h  three i n d i c e s  
i s  much larger f o r  the  
i n f i n i t e l y  long  p l a t e  
t h a n  f o r  the squa re  plate; 
f o r  r a t i o s  b/a l y i n g  /185 
between 0 and 1, it might 
t h e r e f o r e  be assumed tha t  
the  d i f f e r e n c e  w i l l  be 

smaller t h a n  f o r  t h e  
i n f i n i t e l y  long p l a t e .  

3 Jus t  how great t h e  d i f f e r e n c e  i n  computation i s  can b e  s een  e . g .  
from t h e  equa t ions  f o r  t he  three curves  depic ted  i n  F ig .  6. These 
equa t ions  read 
f o r  m = 1 through 3 and n = 1 through 3: ms(#+;) 

' d  sa=- , r d  p s .  t r 
i ( p + r p f ~ z ~ [ ~ + ~  

f o r  m = 2 through 4 and n = 1 through 3: 
1 

For numerical  c a l c u l a t i o n s ,  these equa t ions  are r e l a t i v e l y  s imple 
when compared wi th  t he  eq- la t ion :  
f o r  m = 1 through 4 and n = 1 through 3: 

where: 



TAaLE 7a and b .  SYSTEMS OF COEFFICIENTS FOR THE EQUATIONS ( 8 )  

a )  q odd: Case I 
q even: Case I1 

,+*= 

f + ¶ . I  0 0 

b) q even: Case I 
q cdd: Case I1 

where z '  and z "  are  t o  b e  c a l c u l a t e d  from 
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Furthermore,  i n  view o f  the p r a c t i c a l  s i g n i f i c a n c e  o f  t he  
e n t i r e  problem, which w i l l  be d i s c u s s e d  i n  more de t a i l  later 
[g] ,  it d c e s n ' t  make much sense  t o  determine the cu rve  C a  (b /a )  

w i t h  extreme p r e c i s i o n .  Therefme, it  appears  p e r f e c t l y  
s u f f i c i e n t  t o  c a l c u l a t e  t h e  v a r i o u s  approximations ca (b /a )  f a r  
three s u c c e s s i v e  i n d i c e s  m i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  and 
f o r  t h e  i n d i c e s  n = 1 through 3 i n  t h e  t r a n s v e r s e  d i r e c t i o n ,  
and t o  estimate t h e  desired exac t  cu rves  ca (b /a )  on t h e  basis 
o f  these approximations.  The d i f f e r e n c e  between t h e  approximate 
cu rves  c a l c u l a t e d  w i t h  three i n d i c e s  and the  e x a c t  va lues  w i l l  
b e  greatest i n  t h e  extreme case b/a = 0, i .e. f o r  t h e  i n f i n i t e l y  
l o n g  p l a t e ,  i n  which t h e  d i f f e r e n c e  is less t h a n  12%,  ca lcu la tec t  
earl ier.  Over i t s  e n t i r e  range ,  t h e  e r r o r s  i n  t h e  estimated 
c u r v e  should amount t o  on ly  a f r a c t i o n  o f  t h i s  d i f f e r e n c e .  If / i t 6  
t h e  i n d i c e s  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  are d e s i g n a t e d  m = q, 
(q  + 1) and ((1 + 2 )  and t h o s e  i n  t he  t r a n s v e r s e  d i r e c t i o n  n = 

1 through 3 , ( 8 )  can b e  used t o  a c q u i r e  the  s y s t e m s  o f  e q u a t i o n s  
g iven  i n  T a b l e  7a and 7b. These systems o f  equa t ions  are so lved  
i n  t h e  p rev ious  manner, r e s u l t i n g  i n  t h e  fo l lowing  two e q u a t i o n s  
f o r  C a ,  u s ing  t h e  symbols g iven  i n  ( 7 ) :  

(Case I, when q i s  even:,  (Case 11, when q is  odd) (15) 

Here, i n  accordance w i t h  ( 7 )  

The approximate cu rves  ir, Fig.  7 were c a l c u l a t e d  w i t h  t h e  

a id  of  Eq. ( 1 4 )  and ( 1 5 ) .  
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/ 
I I I I l l  Y u c u u p  .. . . 

Fig. 7. 
o f  c r i t i c a l  shear  load  of i s o t r o p i c  
r e c t a n g u l a r  p l a t e  as a f u n c t i o n  of 
the  r a t i o  B = b/a between t h e  sides.  
Using t h e  cu rves  c a l c u l a t e d  f o r  
va r ious  approximate s o l u t i o n s  and 
the  known exac t  s o l u t i o n  f o r  
B = 0, t h e  dash-dot l i n e  ( - * - e - * )  

g i v e s  t h e  con jec tu red  p a t h  o f  a n  
exac t  curve .  
Key: a. Except f o r  b .  Exact va lue  

C o e f f i c i e n t  ca = tCr (b /2 l2 /D  

6) Fundamental 
c r i t e r i a  for  wave form 
(Cases I and 11'. 
Cases I and I1 di f fe r  i n  
t h a t  only  unknowns A, 

w i t h  even sum ( m  + r-! 
occur  i n  equa t ion  
s y s t e m  I and only  c.lose 
w i t h  odd sum ( m  + n )  
occur  i n  s y s t e m  11. I n  
t h e  r e s u l t ,  t h e  new 
cases d i f fe r  i n  t h a t  
buck l ing  I is  a maximum 
(wmax) i n  t h e  c e n t e r  of 
plate, whi le  there i s  
a nodal  l i n e  ( w  = 0 )  

through t h e  c e n t e r  of  
t h e  p l a t e  i n  Case 11. 
The approximations now 
show ( a t  first a p p a r e n t l y  
q u i t e  i r r e g u l a r l y )  t h a t  

sometimes Case I and 
o t h e r  times Case I1 y i e l d s  t he  smaller c r i t i c a l  shear load ,  
depending on t h e  r a t i o  b/a. T h i s  i s  a c i rcumstance  tha t  could  
a p p l y  t o  both  t he  approximation and t h e  exac t  s o l u t i o n , a s  w i l i  
b e  suggested by  t h e  fo l lowing  a n a l y s i s .  

Suppose we wished t o  c a l c u l a t e  t h e  c r i t i c a l  shear load  o f  
an i n f i n i t e l y  long  p l a t e  o f  cons t an t  wid th  b ,  suppor ted  f ree ly  

c o n d i t i o n  t h a t  c e r t a i n  p o i n t s  A a long  t h e  c e n t e r  l i n e  of  t h e  
p l a t e  spaced a t  r e g u l a r  i n t e r v a l s  a '  should n o t  expe r i ence  
any d e f l e c t i o n  ( c f .  F ig .  8 ) .  S o l u t i o n s  cor responding  t o  t h i s  
problem are conta inzd  i n  t h e  curves  of F ig .  2 ( "exac t  solution"), 

a long  t h e  l o n g i t u d i n a l  edges,  and s u b j e c t  t o  t h e  f u r t h e r  / I87  



r e p r e s e n t i n g  the Southwell-Skan s o l u t i o n  f o r  t he  i n f i n i t e l y  
l o n g  p l a t e .  

(= ca, min). 
If a '  i n c r e a s e s ,  ca a l s o  i n c r e a s e s  i n  accordance wi th  t h e  cu rve  
ca(a/b) ,  s i n c e  i n i t i a l l y  E = a '  s t i l l  ho lds .  At a t  = 1.8b, 
ca = 14.2. 
%.e. i n  t h i s  case ,  t h e  same va lue  C a  i s  bb ta ined  f o r  bo th  
a = a t  and f o r  a = a t / 2 .  Therefore ,  two buck l ing  shapes  are 
p o s s i b l e  under t h e  same shear load .  If a' goes beyond the  
va lue  1 .8b ,  t h e  r e s u l t i n g  buck l ing  shape has two ha l f  waves i n  
t h e  i n t e r v a l  a ' ,  i .e .  II = a1/2, and t h i s  shape always g i v e s  the  
smallest va lue  f o r  C a .  I n i t i a l l y ,  C a  dec reases  from 1 4 . 2  t o  
13.165 f o r  a '  = 2.5b ( i . e .  a = 1.25b) ,  and t h e n  C a  i n c r e a s e s  
w i t h  i n c r e a s i n g  - a back  up t o  C a  = 13.6. Namely, f a r  a t  = 3.0b, 
t h i s  va lue  o f  ca cor responds  t o  bo th  t h e  buck l ing  form w i t h  

two half-waves ( 2  = I.F,b) and t h e  buck l ing  form w i t h  3 half-waves 
( 2  = 1 . 0 b ) .  According t o  t h i s  a n a l y s i s ,  therefore,  t h e  (whole) 
number m of  half-waves i n  t h e  i n t e r v a l  a '  i n c r e a s e s  w i t h  

i n c r e a s i n g  a ' ;  f o r  each number m = a'/2, ca can assume va lues  
between ca, min = 13.165 and a l a r g e r  va lue  o f  ca which d e c r e a s e s  
as m i n c r e a s e s .  
m = 2 )  w i t h  ca = 1 4 . 2 .  
g r e a t e s t  (wmax,  Case I )  a t  t h e  p o i n t  M l y i n g  halfway between 
two p o i n t s  A .  For even m, there i s  a nodal  l i n e  ( w  = 0 ,  Case 11). 
With i n c r e a s i n g  a t ,  Case I and Case I1 a l t e r n a t e l y  g i v e  t h e  
smallest shear load  ( c a ) .  

If' a'  = 1.25b (a' as i n  Fig.  8 ) ,  t h e n  ca = 13.165 
I n  t h i s  ca se ,  the half-wavelength i s  a = a ' .  

The same va lue  C a  i s  a l s o  ob ta ined  f o r  E = O.gb; 

The largest such ca ob ta ined  f o r  m = 1 ( o r  
For odd numbers m, t h e  buck l ing  i s  

Pass ing  from the  s p e c i f i c  problem t o  t h e  g e n e r a l  problem 
under  i n v e s t i g a t i o n ,  w e  a c q u i r e  a n  a d d i t i o n a l  c o n d i t i o n ,  namely 
t h a t  t h e  buckl ing  no t  on ly  a t  t h e  p o i n t s  A,  but  a l s o  on the straight 
l i n e s  pas s ing  through t h e  p o i n t s  A and pe rpend icu la r  t o  t h e  

l o n g i t u d i n a l  edges muzt b e  equal t o  0 and t h a t  t h e  p l a t e  i s  
suppor ted  without  stress a l o n g  t h e s e  l i n e s .  This supplef ientary 
c o n d i t i o n  n a t u r a l l y  w i l l  cause s u b s t a n t i a l  changes i n  t h e  
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buckled shape and t h u s  
i n  the magnitude o f  the  
a s s o c i a t e d  shear load .  
The smaller t h e  r a t i o  
a/b,  t h e  greater t h e  

changes.  Neve r the l e s s ,  
it i s  s t i l l  a l t o g e t h e r  
p o s s i b l e  t h a t ,  as i n  
t he  Problem j u s t  d i s c u s s e d  

: 
#*-8'- 

Fig.  8. Various p o s s i b l e  buck l ing  
shapes of an  i n f i n i t e l y  l o n g  p l a t e .  If 
t h e - d e f l e c t i o n  i s  t o  be w = 0 a t  
p o i n t s  A, t h e  d e f l e c t i o n  a t  p o i n t s  M 
(halfway between two p o i n t s  A) can be 
a maximum wmax, o r  2lse a noda l  l i n e  
(w = 0) may pass through M. 

Key: a. S e c t i o n  

P- 

Fig.  9 .  Hypothe t ica l  cu rves  f o r  exac t  
ca as a f u n c t i o n  o f  6. Curve I 
corresponds t o  t h e  buck l ing  form 
w i t h  g r e a t e s t  d e f l e c t i o n  Wmax i n  t h e  
c e n t e r  of t h e  p l a t e ,  whi le  Curve I1 
corresponds  t o  a nodal  l i n e  ( w  = 0 )  
p a s s i n g  through t h e  p o i n t  i n  t h e  
c e n t e r  of  t h e  p l a t e .  

( c f .  F ig .  8 ) ,  which i s  
somewhat s i m p l e r  t han  
our  p r e s e n t  problem, 
Cases I and I1 w i l l  
p rov ide  the  smaller 
( c r i t i c a l )  shear l o a d  i n  
a l t e r n a t i o n  w i t h  d e c r e a s i n g  
r a t i o  b/a even f o r  t h e  
p la te  f reely suppor ted  
a l o n g  a l l  f o u r  edges.  
T h i s  would c o n s i s t e n t  
w i t h  t h e  r e s u l t s  o f  t h e  
p rev ious  approximation.  
The cu rves  f o r  t h e  
c r i t i c a l  shear load  as 
a f u n c t i o n  o f  t h e  r a t i o  
of t h e  s i d e s  -- C a ( b / a )  9- 

v a l i d  f o r  Cases I and I1 
might t h e n  l o o k  l i k e  t h o s e  
shown i n  Fig. 9 .  The 
only  p a r t s  of the curves  
which are o f  a c t u a l  
p r a c t i c a l  i m p o r t m c e  are  
t h o s e  cor responding  t o  
t h e  smaller of  t h e  two 
va lues  o f  C a  f o r  a 
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given s ide  r a t i o .  The estimated curve  d e p i c t e d  i n  F ig .  7 
should be  d e r i v e d  only  from these p r a c t i c a l l y  Important  d o r t i o n s  
o f  the  cu rves .  T h i s  estimated cu rve  should  provide  vdue . ;  pf 

C a  a c c u r a t e  roughly t o  three p l a c e s ,  s o  t h a t  the  accuracy -8ught 
t o  be s u f f i c i e n t  i n  p r a c t i c e .  

6 .  S o l u t i o n  f o r  t h e  o r t h o t r o p i c  p l a t e .  For; a n  o r t h o t r o p i c  
plate ,  t h e  c r i t i c a l  shear load i s  c a l c u l a t e d  by one o f  t h e  
two formulas  cor responding  t o  E q s .  (4a) and (4b) :  

o r  

(For t h e  s p e c i d  c a s e  o f  t h e  i s o t r o p i c  p l a t e ,  Eq.  (16a )  becomes 
( 1 3 )  

The c o e f f i c i e n t s  ca and C b  depend on the  parameter 8 of 
t h e  o r t h o t r o p i c  p l a t e  as g iven  by ( 3 ) .  To de termine  t h e  c r i t i c a l  
s h e a r  load  of  an  o r t h o t r o p i c  p l a t e ,  t he  best way i s  t o  first 
c a l c u l a t e  t h e  parameter  0 and then  f i n d  t h e  a s s o c i a t e d  c o e f f i c i e n t  
cg  o r  C b .  

used f o r  c a l c u l a t i n g  t h e  c o e f f i c i e n t  ca o f  t h e  i s o t r o p i c  p l a t e  
i n  t h e  preceding  s e c t i o n s ;  however, t h e  s t a r t i n g  p o i n t  i s  E q s .  
(4a) and (5a)  o r  ( 4 b )  and (5b) i n s t e a d  of  Eqs. ( 7 )  and ( 8 ) .  
Except f o r  t h e  f a c t  that  ca and Cb are now f u n c t i o n s  of  Ba and Bb -- 
c f .  ( 4 a )  o r  ( 4 b )  -- and not  j u s t  o f  p = b/a,  t h e  only major 
d i f f e r e n c e  r e l a t i v e  t o  t h e  i s o t r o p i c  p l a t e  i s  i n  t h e  terms 
+a (m, n )  and $b (m, n ) ,  which occur  i n  E q s .  ( 5 a )  and (5b )  i n  
p l a c e  o f  t he  term + ( m ,  n )  i n  ( 8 ) .  A l l  o f  t h e  equa t ions  f o r  ca 
f o r  the  i s o t r o p i c  p la te  de r ived  from E q .  ( 8 )  a l s o  hold  f o r  t h e  

c o e f f i c i e n t s  C a  and cb  o f  t h e  o r t h o t r o p i c  p l a t e ,  as long  as no 
s p e c i f i c  expres s ion  f o r  4 ( m ,  n )  -- and t h u s  no s p e c i f i c  va lue  

These c o e f f i c i e n t s  are ob ta ined  by t h e  same method 
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for f3 -- i s  s u b s t i t u t e d  i n  these equa t ions ;  + a n d l 8  are r e p l a c e d  
by $a o r  +, and 
app ly  t o  t h e  i s o t r o p i c  p l a t e ,  as does 3q. (9 )  i f ,  i n  t h e  l a t t e r  
e q u a t i o n ,  $(an) i s  r e p l a c e d  by t h e  e x p r e s s i o n  

B, or g,. In  p a r t i c u l a r ,  Eqs.  ( 1 4 )  and (15 )  

24 
9. (8,s) = a* + 2 ----- e + n4 

or t h e  e x p r e s s i o n  

The c o e f f i c i e n t s  ca c a l c u l a t e d  f o r  t he  i s o t r o p i c  p l a t e  a p p l i e d  
t o  a n  o r t h o t r o p i c  p l a t e  i s  t h e  pa rame te r  0 = 1 ( i . e .  C a  = c,). 
Apart from t h i s  case, t h e  c o e f f i c i e n t  ca has been c a l c u l a t e d  
from ( 1 4 )  and (15)  on ly  f o r  t h e  parameters 8 = 2 and 8 = 

( r e p l a c i n g  (0 by $a and B by  B a ) .  I n  g e n e r a l ,  these c a l c u l a -  
t i o n s  w i l l  be s u f f i c i e n t ,  t o g e t h e r  wi th  e x a c t  v a l u e s  c a l c u l a t e d  
i n  a p r e v i o u s  work [6] f o r  a n  i n f i n i t e l y  l o n g  p l a t e  and f o r  any 
a r b i t r a r y  v a l u e  o f  8 1 and f o r  a rb i t ra ry  b/a, t o  de t e rmine  t h e  

c o e f f i c i e n t  ca o f  t he  c r i t i c a l  shear load ( 1 6 a )  w i t h  adequa te  
p r e c i s i o n .  For parameters 8 < 1 o r  inq:case a n o r e  p r e c i s e  
r e s u l t  i s  desired f o r  a pararnet9r 8 > 1, t h e  c a l c u l a t i o n  c a n  be 
car r ied  o u t  j u s t  as f o r  8 = 2 and f o r  0 = Q). 

/189 

The d e p i c t i o n  o f  t h e  curve  ca (B,) can  be restricted t o  
t h e  r e g i o n  0 5 8, 
i s  o b t a i n e d ,  t h e  d e s i g n a t i o n s  of' t h e  sides and o f  t h e  r i g i d i t i e s  
D1 and D2 are in t e rchanged .  
c e r t a i n  c a s e s  (e .g .  when D2 i s  cons ide rab ly  larger  t h a n  D1 and 

s i d e  of  t h e  r e c t a n g u l a r  p l a t e  i n  ( 1 6 a ) .  I n  t h e  l i m i t i n g  c a s e  
€I = O D ,  as i n  t h e  extreme c a s e  8 = 0 f o r  i n f i n i t e l y  long  p l a t e  
(b/a -* 01, we u s e  t h e  e q u a t i o n s  co r re spond ing  t o  Eq.  ( 1 2 ) .  

1. If, i n  a s p e c i f i c  case,  a va lue  8, > 1 

It  should  b e  observed t h a t  i n  

= 1 o r  8, i s  only  s l i g h t l y  less t h a n  l ) ,  b w i l l  b e  t h e  l o n g e r  0, 
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( f o r  8 = 0 )  

.. t -  

X I  

. -f2a*+4 - .  . .. 

I X ( f o r  8 = 0) (18b) 
c&.= 0,1614920 

v6 18a*+lr 

and f i n a  f o r  a = 1 . 0  ( i n s t e a d  o f  t h e  exac t  valuc 0.975) o r  f o r  
a = 1 .04 ,  va lues  ca and C b  on ly  0 .4% greater t h a n  t he  va lues  

r e p r e s e n t i n g  the minima o f  t he  exac t  curve  ca o r  C b  as f u n c t i o n  
of  half-wavelengths  o f  t h e  buckled s u r f a c e .  The cor responding  
approximation c a l c u l a t e d  by (12 )  f o r  8 = 1 a l s o  has an  errcr 
of only about  0 .4% ( c f .  Table  2 ) .  Hence, t h e  approximation 
appea r s  t o  f u r n i s h  e q u a l l y  good r e s u l t s  f o r  a l l  va lues  o f  8 i n  
t he  l i m i t i n g  c a s e  o f  t h e  i n f i n i t e l y  l o n g  p l a t e .  

ca = 8.125 o r  C b  = 11.708 cor re s sond ing  to t h e  e x a c t  s o l u t i o n  4 , 

On t h e  o t h e r  hand, t h e  r e s u l t  i n  the  o t h e r  extreme case, 
namely = 1, does not  appezr t o  be as good f o r  0 > 1 as f o r  
0 = 1. 
by only 0 .9% ( c f .  T a b l e  5 )  f o r  t h e  squa re  I s o t r o p i c  p la te  ( B  = 
1; 8 = 1) when f i v e  i n d i c e s  m and n were taken  i n s t e a d  o f  th ree ,  
t he  cor respondingly  c a l c u l a t e d  va lue  of  ca f o r  8 = a and Ba = 1 
dropped from 12 .07  t o  11.735, 1 .e .  by 2.85%. 
convergence appears  t o  be be t t e r  f o r  8 = 1 than  f o r  8 > 1; however, 
f o r  0 = and Ba = 1, the  c a l c u l a t e d  approximation C a  = 11.735 
s t i l l  appears s u f f i c i e n t l y  a c c u r a t e .  I n  a d d i t i o n ,  as mentioned 
p rev ious ly ,  approximate va lues  ca have been c a l c u l a t e d  vs .  
f o r  8 = 2 and 0 = =J, t a k i n g  three  i n d i c e s  each i n  t h e  

c 

While t h e  va lue  o f  ca dropped from 23.25 t o  23.05, i . e .  

For Ba = 1, t h e  

8, 

4[6], T a b l e  I. 
3 were c a l c u l a t e d  as fo l lows:  

According t o  Column 9 o f  t h i s  Table ,  t h e  va lues  

f o r  0 = 0 0 :  a = 2/2.0515 = ".975 = 1 . 0  
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l o n g i t u d i n a l  and transverse d i r e c t i o n s .  
are  d e p i c t e d  i n  F ig .  1 0 .  Based on these approximations and 
e x a c t  va lues  a v a i l a b l e  f o r  the l i m i t i n g  c a s e  8, + 0 C61, t h e  
estimated cu rves  d e p i c t e d  i n  Fig.  1 0  f o r  ca (8,) were c o n s t r u c t e d .  
S ince  the curve  f o r  8 = 2 I s  almost  e x a c t l y  halfway between t h e  
cu rves  f o r  8 = 1 a n d f o r  0 = Q) w i t h  g r e a t  r e g u l a r i t y  f o r  a l l  
va lues  of Ba, it can be assumed t h a t  t h e  curves  ca (6,) f L i D  o t h e r  
va lues  8 t h a n  8 = 2 w i l l  r un  w i t h  similar r e g u l a r i t y  between the  
cu rves  f o r  8 =1 and f o r  0 = Q). For any a rb i t r a ry  va lue  8 ,  t h e  
exac t  va lue  ca can  b e  g iven  f o r  Ba = 0 5. 
p o i n t ,  t h e  approximate curve  ca ( B a )  f o r  any a r b i t r a r y  va lue  8 

can be drawn i n t o  Fig.  1 0 .  

The c a l c u l a t e d  cu rves  /190 - 

S t a r t i n g  from t h i s  

1 0 .  C o e f f i c i e n t  C, = t c r ( b / 2 ) 2 /  
7k:b2)1/4 of  t h e  c r i t i c a l  shear load  
of  a2 or thogona l - an i so t rop ic  p l a t e  as 
a f u n c t i o n  Of @a = (b/a)(D1/D2;1/4.  

The p r e c i s e  curves have been estimated 
for 8 = 2 and f o r  0 = 00 i n  t n e  same 
way as i n  Fig. 7 f o r  8 = 1. 

T h i s  diagram a l s o  
i n c l u d e s  a number o f  
p o i n t s  f o r  0 = 1 . 4 1 ,  
ob ta ined  from t h e  c a l -  
c u l a t i o n  of  Seker iy-  
Tsenkovich [7] ,  which 
i n  g e n e r a l  cor responds  
t o  t he  approximation 
w i t h  th ree  i n d i c e s  each 
i n  t he  l o n g i t u d i n a l  
and t r a n s v e r s e  d i r e c t i o n .  
For a plywood board 
of  t h i c k n e s s  h ,  S e k e r i y -  
Tsenkovich chose moduli 
o f  e l a s t i c i t y  for bending 
deformat ion  El = 1 . 4 - 1 0 2  
kg/cm2 i n  one d i r e c t i o n  
and E2 = E 1 / 1 2  i n  t h e  
o t h e r ,  G = 0 . 1 2 4 0 5  

icg/crn* f o r  the siiesr 

’ C f .  [61, F i g .  2a. I n  F ig .  1 0  of  t h i s  work, t h e  p r e c i s e  va lue  C a  
f o r  8 = 1 . 4 1 ,  3, 5 and 1 0  are e n t e r e d  a long  w i t h  t h o s e  f o r  8 = 
1, 2 r-qd Q). 
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modulus ( o f  t o r s i o n  de fo rma t ion ) ,  and vx = 0.46 and v 

f o r  the  Poisson  r a t i o s ,  and t h u s  o b t a i n e d  by ( l a ) :  
= vx/12 Y 

D 1  = 12,000 h3 kg/cm2; D2 = 1000 h3 kg/cm2, and 

D3 = 2456 h3 kg/cm2 and a c c o r d i n g  t o  ( 3 ) :  8 = 1.41. 

The apprsx imate  v a l u e  of  ca o b t a i n e d  by t h e  Sekeriy-Tsenkovich 
c a l c u l a t i o n  f o r  8 = 1 . 4 1  i s  q u i t e  c o n s i s t e n t  w i t h  t h e  approximate 
curvesfound fo r  8 = 1, 2 and =. 

7. Summary. The c r i t i c a l  shear l o a d  tcr f o r  a n  i s o t r o p i c  
r e c t a n g u l a r  p l a t e  suppor t ed  wi thout  stress a t  t h e  e d g - s  can  be 

c a l c u l a t e d  by ( 1 3 ) .  I n  t h i s  equa t ion ,  b i s  t h e  w i d t h  o f  t h e  
p l a t e ,  D i s  t h e  p l s t e  r i g i d i t y  o b t a i n e d  from (6), and c, i s  a 
c o e f f i c i e n t  t a k e n  from t h e  diagram i n  F ig .  7 .  Analogously,  - /191 
(16a )  a p p l i e s  t o  t h e  case o f  a n  o r t h o g o n a l - a n i s o t r o p i c  p l a t e ;  
t h e  c o e f f i c i e n t  ca u c c u r r i n g  i n  (16a)  i s  d e p i c t e d  i n  t h e  diagram 
of  F ig .  10 .  
a n i s o t r o p i c  p l a t e  are g iven  by Eq.  ( l a ) .  The d e t e r m i n a t i o n  of  
the c o e f f i c i e n t s  ca a 3 Cb i s  d e s c r i b e d  i n  S e c t i o n  6 .  
parameter 8 g iven  by ( 3 )  is  g r e a t e r  t.han u n i t y ,  i t  i s  best  t o  
ilse Eq. (16a ) ;  on t h e  o t h e r  hand, Eq. (16b)  i s  be t te r  f o r  
parameters 8 < 1. 

The r i g i d i t i e s  D1, D2 and D3 o f  t h e  or thogonal -  

When t h e  

A de ta i led  s tudy  has  shown t h a t  t h e  c o e f f i c i e n t  ca o f  t h e  
c r i t i c a l  shear l o a d  c a l c u l a t e d  i n  t h i s  work on t h e  bas i s  of' an  
approximat ion  t h e o r y  should  b e  s u f f i c i e n t l y  a c c u r a t e  ( t h e  e r r o r  
probably  does  n o t  occur  u n t i l  t h e  second p l a c e  f o l l o w i n g  t h e  

dec imal  p o i n t ) ,  p a r t i c u l a r l y  s i n c e  t h e o r e t i c a l  assumpt ions  are  
a lmost  never  s a t i s f i e d  e x a c t l y ;  f o r  i n s t a n c e ,  as t h e  r e s u l t  o f  
completed exper iments  have i n d i c a t e d ,  a very  s l i g h t  i n i t i a l  
bu lge  ( p r a c t i c a l l y  unavo idab le )  has a n  e s p e c i a l l y  g r e a t  d i s t u r b i n g  
e f f e c t  i n  t h e  case  o f  very t h i n  p l a t e s .  
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These experiments  as well as numer ica l  ?mmples  o f  t h e  
problem d i s c u s s e d  in t h i s  work ::ill be communicated In a f u r t h e r  
r e p o r t  [SI. 
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